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Let K be a ﬁnite extension of a p-adic number ﬁeld k. By local
class ﬁeld theory there is only a ﬁnite number of norm subgroups
of the multiplicative group k∗ of k that contain the norm group
NK/kK ∗. If X is a subgroup of a group Y , then the interval (X, Y )
is the set of subgroups of Y that contain X including X and Y .
In the present work we investigate the number of norm groups in
the interval (NK/kK ∗,k∗) for a given ﬁnite Galois extension K/k
of algebraic number ﬁelds. There are ﬁnite Galois 2-extensions
and Galois extensions of odd degrees such that the corresponding
intervals contain only a ﬁnite number of norm groups. The main
theorem, however, states that for any ﬁnite Galois extension K/k
of even degree that is not a 2-extension, called 2n-extension, the
interval (NK/kK ∗,k∗) contains inﬁnitely many norm groups.
© 2008 Elsevier Inc. All rights reserved.
0. Introduction
One of the fundamental theorems of local class ﬁeld theory states that NK/kK ∗ ⊆ NL/kL∗ iff L ⊆ K
for any ﬁnite Abelian extensions K and L of a p-adic number ﬁeld k. Moreover, if M/k is a ﬁnite ex-
tension, then NM/kM∗ = NM′/kM ′∗ , where M ′ is the maximal Abelian extension of k contained in M .
Let K/k be a ﬁnite extension of p-adic number ﬁelds, and suppose that NL/kL∗ ∈ (NK/kK ∗,k∗). The
inclusion NK/kK ∗ ⊆ NL/kL∗ is equivalent to the inclusion L′ ⊆ K ′ , where K ′ and L′ are the maximal
Abelian extensions of k contained in K and L, respectively. This yields a canonical one-to-one cor-
respondence between the norm groups in the interval (NK/kK ∗,k∗) and the subﬁelds k ⊆ X ⊆ K ′ .
In particular, the interval (NK/kK ∗,k∗) contains only a ﬁnite number of norm groups for any ﬁnite
extension K/k of p-adic number ﬁelds.
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and L of an algebraic number ﬁeld k. It is, therefore, natural to ask how many norm groups are con-
tained in the interval (NK/kK ∗,k∗) for a given ﬁnite Galois extension K/k of algebraic number ﬁelds.
We already showed in [5, Corollary 4.9, p. 28] that the interval (NK/kK ∗,k∗) contains only the obvi-
ous norm groups NK/kK ∗ and k∗ for any quadratic extension K/k of algebraic number ﬁelds. A ﬁnite
extension K of an algebraic number ﬁeld k is called k-solitary, if for any ﬁnite extension L of k the
equality NK/kK ∗ = NL/kL∗ implies that K and L are conjugate over k [5]. By Corollary 4.9 of [5, p. 28]
if a Galois extension K of k of degree 4 or 8 is k-solitary, then the interval (NK/kK ∗,k∗) contains a
ﬁnite number of norm groups. In [5, pp. 28–31] we constructed a Galois Q-solitary extension K with
the Galois group isomorphic to dihedral group D8 of order 8. It can be shown that (NK/QK ∗,Q∗)
contains exactly 8 norm groups. We mention here without proof that (NK/kK ∗,k∗) contains only the
obvious norm groups for any Galois extension K/k of prime degree.
In the ﬁrst section we deﬁne a group Z as a semidirect product of a cyclic group of odd prime
order p with a normal elementary Abelian group of order 2p−1. Let D/P be a Galois Z -extension (i.e.
G(D/P ) ∼= Z ) of algebraic number ﬁelds. We prove in Theorem 1.6 certain equalities of norm groups
that correspond to subﬁelds of D containing P . These equalities of norm groups we then use in the
second section to prove the main Theorem 2.8.
We begin the second section with a classiﬁcation of 2n-groups, i.e. groups of even order that
are not 2-groups (Proposition 2.1). By Proposition 2.1 each 2n-group G¯ contains a special sub-
group S , and there are two types (Type A and Type B) of 2n-groups that are deﬁned by S . For
each pair (S, G¯) we deﬁne a group extension G of G¯ , and we establish some properties of G .
Let K/k be a Galois 2n-extension with the Galois group G¯ . Suppose that there is a Galois exten-
sion k ⊂ K ⊂ E of k with the Galois group G . Then E contains a subﬁeld k ⊂ L ⊂ E such that
NL/kL∗ ∈ (NK/kK ∗,k∗) and NL/kL∗ = NY /kY ∗ for any ﬁeld k ⊆ Y ⊆ K (for more details see Theo-
rem 2.5). We then show that for any Galois 2n-extension K/k there is an inﬁnite sequence {E( j)} of
Galois extensions of k containing K with the property that each E( j) contains a subﬁeld k ⊂ L( j) ⊂ E( j)
such that NL( j)/kL
( j)∗ ∈ (NK/kK ∗,k∗) and NL(i)/kL(i)∗ = NL( j)/kL( j)∗ for any i = j. This proves the main
Theorem 2.8 which states that the interval (NK/kK ∗,k∗) contains inﬁnitely many norm groups for any
Galois 2n-extension K/k of algebraic number ﬁelds.
1. Z -extensions and equality of norm groups
Let p be an odd prime integer. Let Z be the factor group of the wreath product {±1} 	 〈σ 〉 of the
cyclic group of order 2 with the cyclic group of order p by the diagonal subgroup of order 2. It follows
that Z is a semidirect product of a normal elementary Abelian 2-group A with the cyclic group 〈σ 〉:
Z = 〈a1, . . . ,ap−1, σ ∣∣ a2i = σ p = 1, [ai,a j] = 1, σaiσ−1 = ai+1 (1 i  p − 2),
σap−1σ−1 = a1 · · · · · ap−1
〉
, (1)
where [x, y] = x−1 y−1xy is as usual the commutator of elements x and y. Let B1 be the subgroup
of A generated by a2, . . . ,ap−1, and let B2 be the subgroup of A such that each element of B2 in the
reduced form has an even number of factors.
Suppose that D/P is a Galois Z -extension of algebraic number ﬁelds, i.e. the Galois group of D/P
is isomorphic to Z . Let K be the ﬁxed ﬁeld of A, and let F1 and F2 be the ﬁxed ﬁelds of B1 and B2,
respectively. We will prove that NF1/P F
∗
1 = NK/P K ∗ = NF2/P F ∗2 for each prime p  5. Also, we will
show that the equalities of norm groups hold for p = 3, if an additional condition is satisﬁed.
To prove the equalities of the norm groups mentioned above, we observe that K/P is a cyclic
extension, and therefore satisﬁes the Hasse Norm Principle (HNP). More generally, let L/k be a ﬁnite
extension (not necessarily a Galois extension) of algebraic number ﬁelds. We will denote by N(L/k) =
k∗ ∩NL/k IL , where I L is the idele group of L. The (ﬁnite) factor group N(L/k)/NL/kL∗ is called the total
obstruction to HNP for L/k. If the total obstruction to HNP for L/k is trivial, then HNP holds for L/k.
To prove the equalities NFi/P F
∗
i = NK/P K ∗ (i = 1,2) it suﬃces to show that N(Fi/P ) = N(K/P ) and
Fi/P satisﬁes HNP.
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an algebraic number ﬁeld k. The factor group of k∗ ∩ NL/k ILNT /k IT by N(T /k)NL/kL∗ is called the ﬁrst
obstruction to HNP for L/k corresponding to T /k [11]. In the special case when T is a Galois extension
of k containing L the ﬁrst obstruction is of the form N(L/k)/N(T /k)NL/kL∗ . The ﬁrst obstruction in
this special case was used in [2] to prove that certain non-Galois extensions of algebraic number ﬁelds
satisfy HNP. Let E/k be a ﬁnite Galois extension containing L and T . We set G = G(E/k), H = G(E/L)
and N = G(E/T ). We deﬁne a subset of G
PG(N) =
{
g−1xg
/
x ∈ N of prime power order, g ∈ G},
and a subgroup of G
ΦG(H) = 〈{[h, g] / h ∈ H ∩ gHg−1, g ∈ G}〉.
By Theorem (1.11) of [11, p. 252]
k∗ ∩ NL/k ILNT /k IT
N(T /k)NL/kL∗
∼= H ∩ N[G,G]
ΦG(H)〈H ∩PG(N)〉XL/k(T , E) , (2)
where [G,G] is the commutator subgroup of G , and [H, H]  XL/k(T , E)  H ∩ N[G,G] is deﬁned
in [11]. We will use the group theoretic interpretation (2) to prove that Fi/P satisﬁes HNP for each
i = 1,2. To prove N(Fi/P ) = N(K/P ) (i = 1,2) we will use Corollary 4 of [10, p. 344] which states in
the above notation
N(L/k) = N(T /k) if and only if PG(H) = PG(N). (3)
The subgroup A of Z is an elementary Abelian 2-group, and therefore can be considered as U = A
(p − 1)-dimensional vector space over GF(2). Let e1, . . . , ep−1 be the standard basis of U . Then σ as
a linear operator on U is deﬁned by
σ e j =
{
e j+1 if 1 j  p − 2,
e1 + · · · + ep−1 if j = p − 1. (4)
Let X and Y be two hyperplanes of U that correspond to the subgroups B1 and B2, respectively. Then
X = {u ∈ U / the ﬁrst coordinate of u is equal to 0}
and
Y = {u ∈ U / the sum of the coordinates of u is equal to 0}.
For each integer x ∈ Z we will denote by x¯ the remainder of division of x by p. It follows by induction
that
σ se j =
{
es+ j if s + j = 0,
e1 + · · · + ep−1 if s + j = 0
(5)
for any 1 j, s p − 1.
Proposition 1.1. U =⋃p−1s=0 σ s X =⋃p−1s=0 σ sY .
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not belong to X . Then u = v + e1 for some v ∈ X . If v = 0, then σu = σ e1 = e2 ∈ X . So u ∈ σ p−1X .
Suppose that v = 0, and u = v + e1 = e j1 + · · · + e jk for some 1 = j1 < · · · < jk  p − 1. There are two
possible cases: js+1 − js = 1 for some 1 s k − 1, or js+1 − js  2 for each 1 s k − 1. Suppose
that there is 1 s  k − 1 such that js+1 − js = 1. Let 1 j  p − 1 be such that j ≡ − js (mod p).
Then j+ js+1 ≡ 1 (mod p). For any 1 l k different from s and s+1 we have j+ jl ≡ 0,1 (mod p).
It follows by (5) that the ﬁrst coordinate of the vector σ ju = σ j(e j1 + · · · + e jk ) is equal to 0. So
σ ju ∈ X , i.e. u ∈ σ p− j X . We now consider the second case when js+1 − js  2 for each 1 s k− 1.
The integers in the sequence − j1,1 − j1, . . . ,− jk,1 − jk belong to 2k  p − 1 distinct congruence
classes modulo p. So there exists 1  j  p − 1 such that j + js ≡ 0,1 (mod p) for each 1  s  k.
By (5) the ﬁrst coordinate of the vector σ ju = σ j(e j1 + · · · + e jk ) is equal to 0. So u ∈ σ p− j X .
We wish now to prove the second equality U =⋃p−1s=0 σ sY . It suﬃces to show that every element
u = v + e1 with v ∈ Y belongs to ⋃p−1s=0 σ sY . If v = 0, then σ p−1u = σ p−1e1 = e1 + · · · + ep−1 ∈ Y . So
u ∈ σ Y . Suppose now that v = 0. Then u = e j1 + · · · + e jk for some odd integer k and 1 j1 < · · · <
jk  p − 1. We set j = p − jk and rs = js + j for each 1 s k − 1. By (5) we obtain
σ ju = σ j(e j1 + · · · + e jk ) = er1 + · · · + erk−1 + e1 + · · · + ep−1.
Since k is odd, it follows that σ ju ∈ Y , i.e. u ∈ σ p− j Y . 
The group theoretic interpretation (3) yields the following corollary.
Corollary 1.2. N(F1/P ) = N(K/P ) = N(F2/P ).
Proof. By Proposition 1.1 the equalities A = ⋃p−1s=0 σ s B1σ−s = ⋃p−1s=0 σ s B2σ−s hold. So PZ (A) =
PZ (Bi) for each i = 1,2. By Corollary 4 of [10, p. 344] N(K/P ) = N(Fi/P ) for each i = 1,2. 
The extension K/P satisﬁes HNP. So to prove the equality NFi/P F
∗
i = NK/P K ∗ (i = 1,2) it remains
to show by Corollary 1.2 that Fi/P satisﬁes HNP for each i = 1,2. We will ﬁrst show that the ﬁrst
obstruction to HNP for Fi/P corresponding to D/P coincides with the total obstruction to HNP for
Fi/P , i.e.
N(Fi/P )
N(D/P )NFi/P F
∗
i
= N(Fi/P )
NFi/P F
∗
i
. (6)
Equivalently, N(D/P ) ⊆ NFi/P F ∗i for each i = 1,2. To prove these inclusions we will use a theorem
that was proved in [2]. We state the theorem here for the convenience of the reader.
Theorem 1.3. (See [2].) Let k ⊆ T ⊆ F be a tower of ﬁnite extensions of an algebraic number ﬁeld k with
F Galois over k. Let G = G(F/k) and H = G(F/T ). If G contains subgroups G1, . . . ,Gn, and subgroups Hs ⊆
Gs ∩ H (s = 1, . . . ,n) such that
n∏
s=1
CorGsG :
n∏
s=1
Hˆ−3(Gs,Z) → Hˆ−3(G,Z) (7)
is a surjective homomorphism, and Ts/ks satisﬁes HNP for each s = 1, . . . ,n, where G(F/ks) = Gs and
G(F/Ts) = Hs, then N(F/k) ⊆ NT /kT ∗ .
We now can prove the above inclusions.
Lemma 1.4. N(D/P ) ⊆ NFi/P F ∗i for each i = 1,2.
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2 and p-subgroups of Z , respectively, it follows by Proposition 3.1.15 of [13] that the corestriction
homomorphism (7)
2∏
s=1
CorZsZ :
2∏
s=1
Hˆ−3(Zs,Z) → Hˆ−3(Z ,Z)
is surjective. Let i = 1,2 be arbitrary, and let P ′ be the ﬁxed ﬁeld of Z2. Then Z1 ∩ Bi = G(D/Fi)
and Z2 ∩ Bi = 1 = G(D/D). The cyclic extensions Fi/K and D/P ′ satisfy HNP. So by Theorem 1.3
N(D/P ) ⊆ NFi/P F ∗i for each i = 1,2. 
So by Lemma 1.4 the equality (6) holds. On the other hand by (2) the left side of the equality (6) is
isomorphic to the factor group of Bi ∩ [Z , Z ] by Φ Z (Bi)XFi/P (D, D). We thus obtain an isomorphism
N(Fi/P )
NFi/P F
∗
i
∼= Bi ∩ [Z , Z ]
Φ Z (Bi)XFi/P (D, D)
(8)
for each i = 1,2. We will show that the left side of (8) is trivial by proving that Bi ⊆ Φ Z (Bi). We then
may conclude that Fi/P satisﬁes HNP for each i = 1,2.
To prove the inclusion Bi ⊆ Φ Z (Bi) (i = 1,2) we introduce the following subspaces of U . For each
j = 1,2 we deﬁne
X j = X ∩ σ j X and Y j = Y ∩ σ j Y .
Lemma 1.5. For each prime p  5 the equalities
X = (σ−1 − 1)X1 + (σ−2 − 1)X2 and Y = (σ−1 − 1)Y1 + (σ−2 − 1)Y2
hold.
Proof. The characteristic polynomial of σ is xp−1 + · · · + x + 1. So 1 is not an eigenvalue of σ . Also,
since the order of σ is prime, it follows that 1 is not an eigenvalue of σ 2 either. Let ψ j = σ− j − 1
for each j = 1,2. Then ψ j is a nonsingular linear operator on U for each j = 1,2. It follows that
ψ j(X j) and ψ j(Y j) are hyperplanes in X and in Y , respectively. So to prove the equalities stated in
this lemma it suﬃces to show that ψ1(X1) = ψ2(X2) and ψ1(Y1) = ψ2(Y2).
We will prove that X2  σ X and Y2  σ Y . Indeed, by (4) σ e2 = e3, and therefore e3 ∈ X1. Also,
σ(e1 + ep−2) = e2 + ep−1 implies e2 + ep−1 ∈ Y1. We wish to show that e3 /∈ X2 and e2 + ep−1 /∈ Y2.
Indeed, suppose that e3 ∈ X2. Then there is w1 ∈ X such that σ e2 = σ 2w1. So e1 = σ−1e2 = w1 ∈ X ,
contradiction. It follows that e3 /∈ X2. Suppose now that e2 + ep−1 ∈ Y2. Then e2 + ep−1 = σ 2w2 for
some w2 ∈ Y . So σ(e1 + ep−2) = σ 2w2. It follows that σ p−1(e1 + ep−2) = w2 ∈ Y . On the other hand
by (5) σ p−1(e1 + ep−2) = e1 + · · · + ep−1 + ep−3. So e1 + · · · + ep−1 + ep−3 ∈ Y , contradiction. We
thus proved that X1  X2 and Y1  Y2. Since dim X1 = dim X2 and dim Y1 = dim Y2, it follows that
X2  X1 and Y2  Y1. In particular, X2  σ X and Y2  σ Y .
To prove that ψ1(X1) = ψ2(X2) it suﬃces to show that ψ2(w) /∈ ψ1(X1) for any w ∈ X2 \ σ X .
(Similarly to prove that ψ1(Y1) = ψ2(Y2) it suﬃces to show that ψ2(w) /∈ ψ1(Y1) for any w ∈ Y2\σ Y .)
Indeed, suppose that ψ2(w) ∈ ψ1(X1) for some w ∈ X2 \ σ X . Then
ψ2(w) = σ−2w − w = σ−1
(
σ−1w
)− σ−1w + σ−1w − w = ψ1(σ−1w)+ ψ1(w) = ψ1(σ−1w + w).
1196 L. Stern / Journal of Number Theory 129 (2009) 1191–1204So ψ1(σ−1w+w) ∈ ψ1(X1), and therefore σ−1w+w ∈ X1. Since w ∈ X2, it follows that σ−1w ∈ σ X .
Also, σ−1w +w ∈ X1 implies that σ−1w +w ∈ σ X . So w ∈ σ X , contradiction. Similarly we can prove
that ψ1(Y1) = ψ2(Y2). 
Theorem 1.6. Let p be an arbitrary odd prime integer, and let Z be the group deﬁned in (1). Suppose that
D/P is a Galois Z-extension of algebraic number ﬁelds. Let A be the Sylow 2-subgroup of Z , let B1  A be
the subgroup generated by a2, . . . ,ap−1 , and let B2  A be the subgroup such that each element of B2 in the
reduced form has an even number of factors. Let K , F1 , F2 be the ﬁxed ﬁelds of A, B1 , B2 , respectively. Then
(a) NF1/P F
∗
1 = NK/P K ∗ = NF2/P F ∗2 for each prime p  5,
(b) for p = 3 the equalities NF1/P F ∗1 = NK/P K ∗ = NF2/P F ∗2 hold iff 4|(Dυ : Pυ) for some prime υ of the
ﬁeld P .
Proof. By Lemma 1.5 for any prime p  5
Bi =
〈{[b, σ ] / b ∈ Bi ∩ σ Biσ−1}〉〈{[b, σ 2] / b ∈ Bi ∩ σ 2Biσ−2}〉
for each i = 1,2. So Bi Φ Z (Bi) for each i = 1,2. So the right side in (8) is trivial, and therefore Fi/P
satisﬁes HNP for each i = 1,2. Since K/P satisﬁes HNP, it follows by Corollary 1.2 that NF1/P F ∗1 =
NK/P K ∗ = NF2/P F ∗2 .
In the case when p = 3 the group Z is isomorphic to A4. Then by Proposition (1.1) of [9, p. 111]
NFi/P F
∗
i = NK/P K ∗ (i = 1,2) iff 4|(Dυ : Pυ) for some prime υ of the ﬁeld P . 
2. Norm groups of Galois 2n-extensions
A ﬁnite group G is called a 2n-group, if G is of even order, but it is not a 2-group. A ﬁnite Galois
extension K/k of algebraic number ﬁelds is called a 2n-extension, if the Galois group of K/k is a 2n-
group. We will prove in this section that for any Galois 2n-extensions K/k the interval (NK/kK ∗,k∗)
contains inﬁnitely many norm groups.
Proposition 2.1. Let G be a 2n-group. Then one of the following conditions is satisﬁed.
(a) G contains a semidirect product of a normal elementary Abelian 2-group with a cyclic group of an odd
prime order p deﬁned by
S1 =
〈
τ1, . . . , τ f , σ1
∣∣ τ 2i = σ p1 = 1, [τi, τ j] = 1, σ1τiσ−11 = τi+1 (1 i  f − 1),
σ1τ f σ
−1
1 = τ a01 · · · · · τ
a f−1
f
〉
, (9)
where either f = 1 and a0 = 1, or f is the order of 2modulo p, and a0 + a1x+ · · · + x f ∈ GF(2)[x] is an
irreducible factor of 1+ x+ · · · + xp−1 .
(b) G contains the dihedral group of order 2p for an odd prime p deﬁned by
S2 =
〈
τ ,σ2
∣∣ τ 2 = σ p2 = 1, τσ2τ−1 = σ−12 〉. (10)
Proof. We will consider two cases: G contains a normal 2-subgroup or G does not contain any normal
2-subgroup.
If G contains a normal 2-subgroup, then G contains a minimal normal 2-subgroup A which
by Corollary 2 of [12, p. 137] is an elementary Abelian 2-group. Let σ1 ∈ G be an arbitrary ele-
ment of an odd prime order p. Them A is a 〈σ1〉-module, and we may assume without loss of
generality that A is an irreducible 〈σ1〉-module. Also, V = A is a vector space over GF(2), and
T = σ1 ∈ GL(V ) is a nonsingular operator on V of order p. If dim V = 1, then S1 = A〈σ1〉  G is
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tor space V can be made into a GF(2)[x]-module as follows. If f (x) = ∑ni=0 cixi ∈ GF(2)[x] and
w ∈ V are arbitrary elements, then f (x)w = ∑ni=0 ci T i(w). We ﬁx an arbitrary vector 0 = v ∈ V ,
and we deﬁne ϕ : GF(2)[x] → V by ϕ( f (x)) = f (x)v . Then ϕ is a homomorphism of modules. More-
over, since V is an irreducible GF(2)[x]-module, ϕ is a surjective homomorphism. So the modules
GF(2)[x]/Ker(ϕ) and V are isomorphic. Since V is an irreducible module, the kernel Ker(ϕ) is a maxi-
mal ideal of GF(2)[x]. It follows that Ker(ϕ) is generated by an irreducible polynomial g(x) ∈ GF(2)[x].
Now V , being an irreducible 〈T 〉-module, does not contain eigenvectors of T . On the other hand
for any w ∈ V we have T (∑p−1i=0 T i(w)) = ∑p−1i=0 T i(w). So ∑p−1i=0 T i(w) = 0 for any w ∈ V . It fol-
lows that 1 + x + · · · + xp−1 ∈ Ker(ϕ), and therefore g(x) divides 1 + x + · · · + xp−1. The polynomial
1+ x+ · · · + xp−1 factors into (p − 1)/ f irreducible polynomials over GF(2) of degree f , where f is
the order of 2 modulo p. So g(x) = a0 + a1x + · · · + x f is an irreducible factor of 1 + x + · · · + xp−1.
The isomorphism of modules GF(2)[x]/(g(x)) and V implies that v, T (v), . . . , T f−1(v) is a basis of V .
It follows that A = 〈τ1〉 × · · · × 〈τ f 〉, and σ1τiσ−11 = τi+1 (1 i  f − 1), σ1τ f σ−11 = τ a01 · · · · · τ
a f−1
f .
Then the product S1 = A〈σ1〉 is a subgroup of G with the presentation (9).
Suppose that G does not contain a normal 2-subgroup. Since G is of even order, it contains an
involution τ . Let C be the conjugacy class of τ . We wish to show that there is y ∈ C such that the
group 〈τ , y〉 generated by τ and y is not a 2-group. Indeed, suppose that 〈τ , y〉 is a 2-group for any
y ∈ C . Let s, t ∈ C be arbitrary elements. Suppose that s = g−1τ g = τ g for some g ∈ G . We deﬁne
y = t g−1 ∈ C . Then 〈s, t〉 = 〈τ g , yg〉 = 〈τ , y〉g implies that 〈s, t〉 is a 2-group. Since any two conjugates
of τ generate a 2-group, it follows by the Baer–Suzuki Theorem [1] that τ ∈ O 2(G), the largest normal
2-subgroup of G . Since G does not contain a normal 2-subgroup, we obtain a contradiction. So there
exists y ∈ C such that 〈τ , y〉 is not a 2-group. By Theorem 6.8 of [12, p. 173] 〈τ , y〉 is isomorphic
to the dihedral group of order 2r, where r is not a power of 2. Moreover, by Theorem 6.8 |τ y| = r,
and (τ y)τ = (τ y)−1. Let p|r be an odd prime, and σ2 ∈ 〈τ y〉 be an element of order p. Then the
semidirect product S2 = 〈σ2〉〈τ 〉 has the presentation (10). 
We will say that a 2n-group G¯ is of Type A or of Type B, if G¯ satisﬁes Proposition 2.1 part (a)
or (b), respectively. Suppose that G¯1 is a group of Type A. Then by Proposition 2.1(a) G¯1 contains a
subgroup S1 deﬁned in (9). We will say that (S1, G¯1) is a pair of Type A. Suppose that G¯2 is a group of
Type B. Then by Proposition 2.1(b) G¯2 contains a dihedral group S2 deﬁned in (10). We will say that
(S2, G¯2) is a pair of Type B.
We wish to show that every Galois 2n-extension K of k is contained in a ﬁnite Galois extension
E of k such that for some ﬁeld k ⊂ L ⊂ E we have NK/kK ∗ ⊂ NL/kL∗ ⊂ k∗ and NL/kL∗ = NX/k X∗ for
any subﬁeld k ⊆ X ⊆ K . We will ﬁrst construct two ﬁnite groups and establish some properties of
these groups. Then we will construct for each Galois 2n-extension K of k a Galois extension E/k
containing K such that the Galois group of E/k is isomorphic to one of these two groups.
From now on we will assume that p is an odd prime. Let U be a (p − 1)-dimensional vector space
over GF(2), and let e1, . . . , ep−1 be the standard basis of U . Suppose that (S1, G¯1) and (S2, G¯2) are
two pairs of Type A and Type B, respectively. We deﬁne an action of the group S1 on U to obtain an
S1-module U1:
σ1e j =
{
e j+1 if 1 j  p − 2,
e1 + · · · + ep−1 if j = p − 1,
τie j = e j (1 i  f , 1 j  p − 1). (11)
We deﬁne an action of the group S2 on U to obtain an S2-module U2:
σ2e j =
{
e j+1 if 1 j  p − 2,
e1 + · · · + ep−1 if j = p − 1,
τe j = ep− j (1 j  p − 1). (12)
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deﬁne the induced G¯i-module Vi = IndSiG¯i (Ui) [7] by
Vi =
{
h : G¯ i → Ui
/
h(γ x) = γ h(x), γ ∈ Si, x ∈ G¯ i
}
.
For any α ∈ G¯ i , h ∈ Vi , we deﬁne
(αh)(x) = h(xα) (13)
for any x ∈ G¯ i . We thus obtain G¯1-module V1 and G¯2-module V2.
Suppose that G¯1 =⋃nt=1 S1αt and G¯2 =⋃mt=1 S2βt are the decompositions into the unions of the
distinct right cosets. We will assume that α1 = β1 = 1. Every function from the set {α1, . . . ,αn}
({β1, . . . , βm}) into U1 (U2) has a unique extension to an element of V1 (V2). It follows that the
set of functions {hlj : G¯1 → U1 /1 l n, 1 j  p − 1} deﬁned by
hlj(αt) =
{
0 if l = t,
e j if l = t
is a basis of V1 as a vector space over GF(2). Similarly, the set of functions {glj : G¯2 → U2 /1 lm,
1 j  p − 1} deﬁned by
glj(βt) =
{
0 if l = t,
e j if l = t
is a basis of V2. It follows that dim V1 = n(p − 1) and dim V2 =m(p − 1). We now deﬁne two hyper-
planes Wi ⊂ Vi (i = 1,2) by
W1 =
{
h ∈ V1
/
the ﬁrst coordinate of h(1) is 0
}
and
W2 =
{
h ∈ V2
/
the sum of the coordinates of h(1) is 0
}
.
For each i = 1,2 we deﬁne a multiplicative group extension Gi of G¯ i as follows. We set Ni = Vi ,
and we deﬁne Gi = Ni G¯i to be the semidirect product with respect to the action of G¯ i on Ni deﬁned
in (13). Each element in Gi can be written in unique way as hα for some h ∈ Ni and α ∈ G¯ i . Moreover,
for any h, g ∈ Ni and α,β ∈ G¯ i the multiplication on Gi is deﬁned by
hα · gβ = h(αg)αβ,
where (αg) is deﬁned in (13). In particular, αgα−1 = (αg). So each pair of Type A or of Type B deﬁnes
a unique group extension. We set Mi = Wi for each i = 1,2. Then τ j ∈ NG1 (M1) for each 1 j  f ,
and τ ∈ NG2(M2). Indeed, by (11) and (13) for any h ∈ M1 and 1  j  f we obtain (τ−1j hτ j)(1) =
(τ−1j h)(1) = h(τ−1j ) = τ−1j h(1) = h(1). So τ−1j hτ j ∈ M1, and therefore τ j ∈ NG1 (M1) for each 1 
j  f . To show that τ ∈ NG2 (M2) we choose an arbitrary h ∈ M2. Then (τ−1hτ )(1) = τ−1h(1) = τh(1).
By (12) the sum of the coordinates of τh(1) coincides with the sum of the coordinates of h(1).
So h ∈ M2 implies τ−1hτ ∈ M2, and therefore τ ∈ NG2 (M2). It will be more convenient to use the
following notation: a j = h1 j , b j = g1 j (1 j  p − 1). Since τ1 ∈ NG1 (M1) and τ ∈ NG2(M2), we can
deﬁne two subgroups H1 = M1〈a1τ1〉 and H2 = M2〈b1τ 〉 of G1 and G2, respectively.
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Proof. Suppose that H1 contains a conjugate τ
g
1 = g−1τ1g for some g ∈ G1. Let g = aα for some
a ∈ N1 and α ∈ G¯1. The equality τ aα1 = [a, τ1]ατα1 implies τ aα1 ∈ N1〈τα1 〉 ∩ H1. So there are c ∈ N1 and
d ∈ M1 such that τ aα1 = c(τα1 )i = d(a1τ1) j for some 0 i  1 and 0 j  |a1τ1| − 1 = 1. If i = 0, then
τ aα1 = c implies τ1 ∈ N1 ∩ G¯1 = 1, contradiction. Suppose that i = 1. If j = 0, then τα1 ∈ N1 ∩ G¯1 = 1,
contradiction. Suppose that j = 1. Then cτα1 = da1τ1. So τα1 τ−11 = c−1da1 ∈ N1 ∩ G¯1 = 1, i.e. τα1 = τ1.
We wish to show that [x, τ1] ∈ M1 for any x ∈ N1. Since τ1 ∈ NG1 (M1), it follows that [x, τ1] ∈ M1
for any x ∈ M1. Let x ∈ N1 \M1 be an arbitrary element. Then x = ya1 for some y ∈ M1. Since aτ11 = a1,
it follows that [x, τ1] = [ya1, τ1] = [y, τ1] ∈ M1. So [x, τ1] ∈ M1 for any x ∈ N1.
The equality τα1 = τ1 implies τ aα1 = (τα1 )α
−1aα = τα−1aα1 = [α−1aα,τ1]τ1. Since α−1aα ∈ N1,
we obtain that [α−1aα,τ1] ∈ M1. Then [α−1aα,τ1]τ1 ∈ M1〈τ1〉 ∩ H1. On the other hand [α−1aα,
τ1]τ1 /∈ M1. So M1 is a proper subgroup of M1〈τ1〉 ∩ H1. Since M1 is a subgroup H1 of index 2, it
follows that H1 = M1〈τ1〉 ∩ H1, i.e. H1  M1〈τ1〉. In particular, a1τ1 ∈ M1〈τ1〉. So either a1 ∈ M1 or
τ1 ∈ N1, contradiction. 
The proof of the next lemma is similar to the proof of Lemma 2.2. We will give a sketch of the
proof of the next lemma.
Lemma 2.3. τ /∈⋃x∈G2 x−1H2x.
Proof. Suppose that τ bβ ∈ H2 for some b ∈ N2 and β ∈ G¯2. Then τ bβ ∈ N2〈τβ〉 ∩ H2, and there-
fore there are c ∈ N2 and d ∈ M2 such that τ bβ = c(τ β)i = d(b1τ ) j for some 0  i  1 and 0  j 
|b1τ | − 1 = 3. If i = 0, then τ ∈ N2, contradiction. We assume that i = 1. Note that (b1τ )2 = b1bp−1
and (b1τ )3 = bp−1τ . If j = 0 or j = 2, then τβ ∈ N2 ∩ G¯2 = 1, contradiction. For j = 1 or j = 3 the
equality cτβ = d(b1τ ) j implies τβτ−1 ∈ N2 ∩ G¯2 = 1, i.e. τβ = τ .
We will show that [x, τ ] ∈ M2 for any x ∈ N2. Indeed, [x, τ ] ∈ M2 for any x ∈ M2, since
τ ∈ NG2(M2). If x ∈ N2 \ M2, then x = yb1 for some y ∈ M2. Since bτ1 = bp−1, it follows that
[x, τ ] = [y, τ ]b1 [b1, τ ] = [y, τ ]b1b1bp−1. Since y ∈ M2, it follows that [y, τ ]b1 = [y, τ ] ∈ M2. Also, by
the deﬁnition of M2 we have b1bp−1 ∈ M2. So [x, τ ] ∈ M2 for any x ∈ N2.
The equality τβ = τ implies τ bβ = [β−1bβ, τ ]τ . We obtain as in Lemma 2.2 that [β−1bβ, τ ]τ
belongs to M2〈τ 〉 ∩ H2, and it does not belong to M2. So M2 is a proper subgroup of M2〈τ 〉 ∩ H2.
Since [H2 : M2] = 2, it follows that H2  M2〈τ 〉. So b1τ ∈ M2〈τ 〉, and therefore either b1 ∈ M2 or
τ ∈ N2, contradiction. 
The following proposition yields an important property of the groups G1 and G2 that will be used
later to prove the main theorem.
Proposition 2.4. For each i = 1,2, PGi (Hi) = PGi (Xi) for any subgroup Ni  Xi  Gi .
Proof. Since Ni is a normal subgroup of Gi , and a1τ1 /∈ N1, b1τ /∈ N2, it follows that PGi (Hi) =
PGi (Ni) for each i = 1,2. By Theorem 1 of [3, p. 41] PGi (Hi) = PGi (Gi), since Hi is a proper
subgroup of Gi (1 = 1,2).
Suppose that there is a proper subgroup Ni < Xi < Gi such that PGi (Hi) = PGi (Xi). Since
Hi is a 2-group, Xi is also a 2-group. Since Ni is a proper subgroup of Xi , Xi ∩ G¯ i = 1 (other-
wise, |Xi G¯i | = |Xi||G¯ i | > |Ni ||G¯ i | = |Gi |). Let 1 = εi ∈ Xi ∩ G¯ i be an arbitrary element. The equality
PGi (Hi) = PGi (Xi) implies εgii ∈ Hi for some gi ∈ Gi . So εg11 = t1(a1τ1) j for some t1 ∈ M1 and
j = 0,1, and εg22 = t2(b1τ ) j for some t2 ∈ M2 and 0 j  3.
We will ﬁrst consider the equality εg11 = t1(a1τ1) j . If j = 0, then ε1 ∈ N1 ∩ G¯1 = 1, contradiction.
Suppose j = 1 and g1 = c1γ1 for some c1 ∈ N1, γ1 ∈ G¯1. Then εg11 = εc1γ11 = (εc11 )γ1 = [c1, ε−11 ]γ1εγ11 .
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So τ1 = εγ11 ∈ PG1 (X1) = PG1(H1). This, however, contradicts Lemma 2.2.
We will now consider the equality εg22 = t2(b1τ ) j . We have (b1τ )2 = b1bp−1 ∈ N2. So εg22 ∈ N2 for
each j = 0,2. It follows that ε2 ∈ N2 ∩ G¯2 = 1, contradiction. For j = 1,3 we have εg22 = t2b1τ , εg22 =
t2bp−1τ , respectively. In both cases εg22 τ ∈ N2. Suppose that g2 = c2γ2 for some c2 ∈ N2, γ2 ∈ G¯2.
Then εg22 τ = [c2, ε−12 ]γ2εγ22 τ . Since [c2, ε−12 ]γ2 ∈ N2 and [c2, ε−12 ]γ2εγ22 τ ∈ N2, it follows that εγ22 τ ∈
N2 ∩ G¯2 = 1. So τ = εγ22 ∈ PG2 (X2) = PG2 (H2). This, however, contradicts Lemma 2.3. 
The subspace of V1 (V2) spanned by {hlj /2 l n, 1 j  p−1} ({glj /2 lm, 1 j  p−1})
is a 〈σ1〉-module (〈σ2〉-module). Let C1  G1 and C2  G2 be the subgroups that correspond to these
subspaces. Then the factor groups N1〈σ1〉/C1 and N2〈σ2〉/C2 are both isomorphic to the group Z that
was deﬁned in (1).
Let K1/k and K2/k be two Galois 2n-extensions with the Galois groups G¯1 and G¯2, respectively.
Suppose that G¯1 is a group of Type A, and G¯2 is a group of Type B. Let S1  G¯1 be a subgroup
deﬁned in (9), and S2  G¯2 be a subgroup deﬁned in (10). Let Gi (i = 1,2) be the group extension
of G¯ i corresponding to the pair (Si, G¯ i). Suppose that for each i = 1,2 there is a Galois extension Ei
of k containing Ki whose Galois group is isomorphic to Gi . Then we have a sequence of subgroups
Gi > Ni〈σi〉 > Ni > Mi > Ci > 1. Let k ⊂ Pi ⊂ Ki ⊂ Fi ⊂ Di ⊂ Ei be the sequence of the ﬁxed ﬁelds
corresponding to these subgroups. Suppose that Li is the ﬁxed ﬁeld of Hi , and Ri is the ﬁxed ﬁeld
of Ni Si . Then for each i = 1,2 we obtain the following diagram of ﬁeld extensions:
Ei
Ci
Mi
Ni Hi
Gi
Di
Fi
〈xi〉
〈yi〉
Ki
〈σi〉
〈zi〉
Si
G¯i
Li
P i Ki ∩ Li
Ri
k
Diagram
where x1 = a1, y1 = a1τ1, z1 = τ1 and x2 = b1, y2 = b1τ , z2 = τ . We already mentioned that
Ni〈σi〉/Ci ∼= Z deﬁned in (1). So Di/Pi is a Z -extension (i.e. G(Di/Pi) ∼= Z ) for each i = 1,2.
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extensions of algebraic number ﬁelds. The norm groups NK/kK ∗ and NL/kL∗ are almost equal, written
NK/kK ∗
.= NL/kL∗ , if NK/kK ∗ ∩ NL/kL∗ is a subgroup of ﬁnite index in both NK/kK ∗ and NL/kL∗ . Let
E be an arbitrary ﬁnite Galois extension of k containing K and L. We set G = G(E/k), HK = G(E/K ),
HL = G(E/L). By Theorem 1.8 of [9] NK/kK ∗ .= NL/kL∗ if and only if PG(HK ) = PG(HL). In particular,
NK/kK ∗ = NL/kL∗ implies PG(HK ) = PG(HL).
We can now prove the following theorem.
Theorem 2.5. In the notation of the Diagram for each i = 1,2:
(a) NKi/kK
∗
i ⊂ NLi/kL∗i ⊂ k∗ for any prime p  5. If p = 3, and there is a prime υ of P i such that
4|(Diυ : Piυ), then NKi/kK ∗i ⊂ NLi/kL∗i ⊂ k∗ .
(b) NLi/kL
∗
i = NYi/kY ∗i for any ﬁeld k ⊆ Yi ⊆ Ki .
Proof. Since Di/Pi (i = 1,2) is a Z -extension, it follows by Theorem 1.6(a) that NFi/Pi F ∗i = NKi/Pi K ∗i
for any prime p  5. In the case when p = 3 by Theorem 1.6(b) the equality NFi/Pi F ∗i = NKi/Pi K ∗i
holds iff there is a prime υ of Pi such that 4|(Diυ : Piυ). The equality NFi/Pi F ∗i = NKi/Pi K ∗i im-
plies NKi/kK
∗
i = NPi/k(NKi/Pi K ∗i ) = NPi/k(NFi/Pi F ∗i ) = NFi/k F ∗i . Since NFi/k F ∗i ⊆ NLi/kL∗i , it follows that
NKi/kK
∗
i ⊆ NLi/kL∗i . To prove the strict inclusions NKi/kK ∗i ⊂ NLi/kL∗i ⊂ k∗ it suﬃces to prove part (b)
of the theorem.
Suppose that there is a ﬁeld k ⊆ Yi ⊆ Ki such that NLi/kL∗i = NYi/kY ∗i . Then by Theorem 1.8 of [9]
PGi (Hi) = PGi (Xi), where Xi = G(Ei/Yi). So PGi (Hi) = PGi (Xi) for some subgroup Ni  Xi  Gi .
This, however, contradicts Proposition 2.4. 
We will omit in the future the index i from the ﬁeld extensions in the Diagram when we discuss simultane-
ously both cases i = 1 and i = 2.
Proposition 2.6. Let K/k be a Galois 2n-extension of algebraic number ﬁelds with the Galois group G¯. Let
S  G¯ be a subgroup such that the pair (S, G¯) is either of Type A or of Type B, and let G be the group extension
of G¯ deﬁned by (S, G¯). Suppose that there are two Galois extensions E ′/k and E ′′/k containing K with the
Galois groups isomorphic to G, and E ′ ∩ E ′′ = K . Let L′ ⊂ E ′ and L′′ ⊂ E ′′ be the ﬁelds corresponding to L in
the Diagram. Then NL′/kL′∗ = NL′′/kL′′∗ .
Proof. Let E be the compositum of E ′ and E ′′ . Since E ′ ∩ E ′′ = K , it follows that the Galois group G =
G(E/k) is isomorphic to the pullback of the surjective homomorphisms resE ′/K : G(E ′/k) → G(K/k)
and resE ′′/K : G(E ′′/k) → G(K/k). The isomorphism is deﬁned by the natural injection G ↪→ G(E ′/k)×
G(E ′′/k) given by γ → (resE/E ′ (γ ), resE/E ′′ (γ )).
We will ﬁrst consider the case when (S, G¯) is of Type A. Since G is the pullback of the above
restriction homomorphisms, it follows that there is γ ∈ G such that in the notation of the Dia-
gram resE/E ′ (γ ) = a′1τ ′1 and resE/E ′′(γ ) = τ ′′1 , where a′1, τ ′1 ∈ G(E ′/k) correspond to a1, τ1 ∈ G(E1/k)
and τ ′′1 ∈ G(E ′′/k) corresponds to τ1 ∈ G(E1/k). Obviously, resE ′/K (a′1τ ′1) = τ1 = resE ′′/K (τ ′′1 ). Let
H ′ = G(E ′/L′) and H ′′ = G(E ′′/L′′). Since resE/E ′(γ ) ∈ H ′ and the order of γ is 2, it follows that
γ ∈ PG(G(E/L′)). We wish to show that γ /∈ PG(G(E/L′′)). Indeed, suppose that γ ∈ PG(G(E/L′′)).
Then γ δ ∈ G(E/L′′) for some δ ∈ G . Let λ = resE/E ′′ (δ). Then (τ ′′1 )λ = resE/E ′′ (γ δ) ∈ H ′′ . So a con-
jugate of the involution τ ′′1 ∈ G(E ′′/k) belongs to H ′′ . This, however, contradicts Lemma 2.2. So
PG(G(E/L′)) = PG(G(E/L′′)). By Theorem 1.8 of [9] NL′/kL′∗ = NL′′/kL′′∗ .
The proof in the case when (S, G¯) is of Type B is similar to the proof in the previous case. Let
γ ∈ G be such that in the notation of the Diagram resE/E ′ (γ ) = b′1τ ′ and resE/E ′′ (γ ) = τ ′′ , where
b′1, τ ′ ∈ G(E ′/k) correspond to b1, τ ∈ G(E2/k) and τ ′′ ∈ G(E ′′/k) corresponds to τ ∈ G(E2/k). Let
H ′ = G(E ′/L′) and H ′′ = G(E ′′/L′′). Since resE/E ′(γ ) ∈ H ′ and the order of γ is 4, it follows that
γ ∈ PG(G(E/L′)). On the other hand γ /∈ PG(G(E/L′′)). Indeed, suppose that γ ∈ PG(G(E/L′′)).
Then γ δ ∈ G(E/L′′) for some δ ∈ G . Let λ = resE/E ′′ (δ). Then (τ ′′)λ = resE/E ′′ (γ δ) ∈ H ′′ . This contra-
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NL′′/kL′′∗ . 
In the notation of Proposition 2.6 suppose that there is an inﬁnite sequence of Galois extensions
{E( j)} of k containing K such that G(E( j)/k) ∼= G and Ei ∩ E j = K for any i = j. Moreover, if the only
odd prime that divides |S| is 3, then we assume that for any j there is a prime υ of E( j) such that
4|(D( j)υ : Pυ), where K ⊂ D( j) ⊂ E( j) corresponds to K ⊂ D ⊂ E in the Diagram. Let k ⊂ L( j) ⊂ E( j) be
the ﬁeld corresponding to k ⊂ L ⊂ E in the Diagram. Then by Theorem 2.5 and Proposition 2.6 the
interval (NK/kK ∗,k∗) contains the inﬁnite sequence of norm groups {NL( j)/kL( j)∗}.
To show that there exists an inﬁnite sequence of ﬁelds E( j) described above, we will solve an
embedding problem with prescribed local conditions at a ﬁnite number of primes which is deﬁned according
to Neukirch [6] as follows. Let k˜ be the algebraic closure of k, and let Gk = G(k˜/k) be the absolute
Galois group of k. The group Gk with the Krull topology is a proﬁnite group. For any ﬁnite Galois
extension k ⊆ K ⊆ k˜ an embedding problem is deﬁned as a short exact sequence of ﬁnite groups
(E ) 1 → A → G j−→ G(K/k) → 1
where A is an Abelian group. On the set of continuous homomorphisms ψ : Gk → G satisfying the
equality j ◦ψ = resk˜/K we deﬁne an equivalence relation as follows: ψ ∼ ψ ′ , if there is a ∈ A such that
ψ ′(x) = aψ(x)a−1 for each x ∈ Gk . The equivalence class [ψ] of ψ : Gk → G satisfying j ◦ ψ = resk˜/K
is called a solution of the embedding problem (E ). If ψ is a surjective homomorphism, then [ψ] is
called a surjective solution of (E ). The ﬁxed ﬁeld E of the kernel of ψ is called the solution ﬁeld of (E )
corresponding to the solution [ψ] of (E ). It follows that E/k is a Galois extension containing K , and
there is an injective homomorphism λ : G(E/k) → G such that j ◦ λ = resE/K . If a solution ﬁeld E
corresponds to a surjective solution of (E ), then the corresponding λ is surjective, and therefore
G(E/k) is isomorphic to G . Conversely, if F/k is a Galois extension containing K , and there is an
injective homomorphism ν : G(F/k) → G such that j ◦ ν = resF/K , then (E ) has a solution with the
solution ﬁeld F . For each prime υ of k the (global) embedding problem (E ) yields a local embedding
problem
(Eυ) 1 → A → Gυ jυ−→ G(Kυ/kυ) → 1,
where kυ is the completion of k at the prime υ , Gυ = j−1[G(Kυ/kυ)], and jυ is the restriction of j
to Gυ . The deﬁnitions and the properties mentioned above for the global embedding problem (E )
obviously apply to the local embedding problem (Eυ). For each prime υ of k let k˜υ be the algebraic
closure of kυ , and let Gkυ = G(k˜υ/kυ) be the absolute Galois group of kυ . Let M be a ﬁnite set of
primes of k, and let S = {[ψ(υ)]/υ ∈ M} be a set of solutions of local embedding problems (Eυ)
for υ ∈ M . An embedding problem with prescribed local conditions at a ﬁnite number of primes is a pair
((E ),S ). A solution of the embedding problem ((E ),S ) is a solution [ψ] of (E ) such that the
equivalence class of the restriction of ψ on Gkυ coincides with [ψ(υ)] for each prime υ ∈ M .
The short exact sequence (E ) induces an action of G(K/k) on A as follows. Let ρ : G(K/k) → G
be an arbitrary section, i.e. j ◦ ρ = IdG(K/k) . For any γ ∈ G(K/k) and any a ∈ A we deﬁne γ a =
ρ(γ )aρ(γ )−1. This action is independent of the selection of a section. So A is a G(K/k)-module with
respect to the above deﬁned action. Moreover, A is a Gk-module with respect to the action induced
by the homomorphism resk˜/K : Gk → G(K/k). If the embedding problem (E ) has a solution, and the
homomorphism
∏
υ∈M
Res
Gkυ
Gk
: H1(Gk, A) →
∏
υ∈M
H1(Gkυ , A) (14)
is surjective, then the embedding problem with prescribed local conditions ((E ),S ) has a surjective
solution [6]. A list of suﬃcient conditions for homomorphism (14) to be surjective is given in Korol-
L. Stern / Journal of Number Theory 129 (2009) 1191–1204 1203lar (6.4) of [6, p. 90]. To describe some of these conditions we consider the Gk-module Aˆ = Hom(A,μ)
which is dual to A, where μ is the group of roots of unity, and the action of Gk on Aˆ is deﬁned
by χγ (a) = γ −1χ(γ a) for any χ ∈ Aˆ, γ ∈ Gk , a ∈ A. Let k( Aˆ) be the ﬁxed ﬁeld of the subgroup
{γ ∈ Gk /χγ = χ, χ ∈ Aˆ} Gk . Then k( Aˆ) is a ﬁnite Galois extension of k. One of the conditions
(b) in Korollar (6.4) states that if for any prime υ ∈ M the group G(k( Aˆ)υ/kυ) is either cyclic or a
semidirect product of two cyclic groups of relatively prime orders, then the homomorphism (14) is
surjective. So in this case the embedding problem ((E ),S ) has a surjective solution provided that
(E ) has a solution.
Proposition 2.7. Let K/k be a Galois 2n-extension of algebraic number ﬁelds with the Galois group G¯. Let
S  G¯ be a subgroup such that the pair (S, G¯) is either of Type A or of Type B. Let G be the group extension
of G¯ deﬁned by (S, G¯). Then for any ﬁnite Galois extension X ⊇ K of k there is a ﬁnite Galois extension E of k
containing K such that G(E/k) ∼= G and E ∩ X = K . Moreover, if the only odd prime that divides |S| is equal
to 3, then there is a prime υ of k such that 4|(Dυ¯ : P υ¯ ), where P ⊂ K ⊂ D are deﬁned in the Diagram and υ¯ is
an extension of υ to D.
Proof. In the notation of the Diagram the group extension G of G¯ contains the kernel N . Let
(E ) 1 → N → G j−→ G(K/k) → 1
be an embedding problem. Let p be the only odd prime that divides the order of S . For each α ∈
G(X/K ) by Chebotarev’s density theorem there is a prime υ = υα of k unramiﬁed in X such that
G(Xυ/kυ) = 〈α〉. Let M be the (ﬁnite) set of primes υα as α ranges over the elements of G(X/K ). In
the case when p = 3 the set M contains an additional prime 2  ω of k that splits completely in K .
For any prime υ ∈ M the equality Kυ = kυ holds, and therefore the local embedding problem at υ is
of the form
(Eυ) 1 → N → N jυ−→ G(Kυ/kυ) → 1.
For each υ ∈ M we will deﬁne a solution of (Eυ) as follows. For each υ ∈ M , and υ = ω in the
special case when p = 3, we deﬁne [ψ(υ)] to be the trivial solution of (Eυ), i.e. ψ(υ) : Gkυ → N is the
trivial homomorphism. Let T be the compositum of the quadratic unramiﬁed extension of kω with a
ramiﬁed quadratic extension of kω . The Galois group of T /kω is the direct product of two cyclic groups
of order 2. Let ν : G(T /kω) → N be an arbitrary monomorphism such that Im(ν) = 〈c1〉 × 〈c2〉, where
ci = ai if (S, G¯) is of Type A, and ci = bi if (S, G¯) is of Type B (see the deﬁnition of ai and bi before
Lemma 2.2). We deﬁne ψ(ω) : Gkω → N by ψ(ω) = ν ◦ resk˜ω/T . Then jω ◦ ψ(ω) = jω ◦ ν ◦ resk˜ω/T =
resT /Kω ◦ resk˜ω/T = resk˜ω/Kω . So [ψ(ω)] is a solution of the local embedding problem (Eυ) at υ = ω.
We set S = {[ψ(υ)]}υ∈M . Since the dual to N Gk-module Nˆ is equal to Hom(N, {±1}), it follows
that G(k˜/K ) is a subgroup of {γ ∈ Gk /χγ = χ, χ ∈ Nˆ}. So k ⊆ k(Nˆ) ⊆ K , and therefore the equality
Kυ = kυ (υ ∈ M) implies G(k(Nˆ)υ/kυ) = 1 for any υ ∈ M . The embedding problem (E ) has a solution.
Indeed, the short exact sequence (E ) splits, and if ρ : G(K/k) → G is a homomorphism section,
then the equivalence class of ρ ◦ resk˜/K is a solution of (E ). So by Theorem (6.6) of [6, p. 92] and
Korollar (6.4)(b) of [6, p. 90] the embedding problem with prescribed local conditions ((E ),S ) has
a surjective solution.
Let [ψ] be a surjective solution of the embedding problem ((E ),S ), and let k ⊂ K ⊂ E be the
solution ﬁeld corresponding [ψ]. We wish to show that E ∩ X = K . Indeed, suppose that K is a
proper subﬁeld of E ∩ X . Let α ∈ G(X/K ) be an arbitrary element such that α /∈ G(X/E ∩ X). By the
deﬁnition of υ = υα ∈ M we obtain that kυ = Kυ is a proper subﬁeld of (E ∩ X)υ . On the other hand
it follows by the deﬁnition of E that Eυ = kυ , contradiction. So E ∩ X = K .
In the special case when p = 3 the equivalence class of the restriction of ψ on Gkω coincides
with [ψω]. Then the decomposition group of an extension ω¯ of ω to E is conjugate in N to 〈c1〉×〈c2〉.
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G(E/D) × (〈c1〉 × 〈c2〉) implies (Dω¯ : Kω¯) = 4. In particular, 4|(Dω¯ : P ω¯). 
We now can prove the main result.
Theorem 2.8. Let K/k be a Galois 2n-extension of algebraic number ﬁelds. Then the interval (NK/kK ∗,k∗)
contains inﬁnitely many norm groups.
Proof. By Proposition 2.7 there is a ﬁnite Galois extension k ⊂ K ⊂ E(1) of k such that G(E(1)/k) ∼= G
(see the notation in Proposition 2.7). Also, if the only odd prime that divides the order of S is 3,
then the local condition mentioned in Proposition 2.7 is satisﬁed for E(1)/k. Suppose that there are
E(1), . . . , E(n) Galois extensions of k containing K that satisfy the same conditions that we men-
tioned above for E(1) , and E(i) ∩ E( j) = K for any i = j. Let X be the compositum of the extensions
E(1), . . . , E(n) . By Proposition 2.7 there is a Galois extension k ⊂ K ⊂ E(n+1) of k that satisﬁes the same
conditions as E(1) , and E(1) ∩ X = K . In particular, E(n+1) ∩ E( j) = K for any 1 j  n. So by induction
there is an inﬁnite sequence {E(n)} of Galois extensions of k containing K with the Galois groups
isomorphic to G , and such that E(i) ∩ E( j) = K for any i = j. Moreover, in the case when the only
odd prime that divides |S| is 3, the local condition mentioned in Proposition 2.7 is satisﬁed for each
extension E( j)/k. Then the interval (NK/kK ∗,k∗) contains inﬁnitely many norm groups as we already
observed in the paragraph after the proof of Proposition 2.6. 
Since every group of an odd order is a solvable group, and so is every 2-group of course [4], it fol-
lows that a ﬁnite non-Abelian simple group is a 2n-group. So by Theorem 2.8 the interval (NK/kK ∗,k∗)
contains inﬁnitely many norm groups for any ﬁnite non-Abelian Galois extension with a simple Galois
group. The following corollary is an immediate consequence of Theorem 2.8.
Corollary 2.9. Let K/k be a ﬁnite extension (not necessarily a Galois extension of k) of algebraic number ﬁelds.
If K contains a Galois 2n-extension of k, then the interval (NK/kK ∗,k∗) contains inﬁnitely many norm groups.
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